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ABSTRACT
Recent γ-ray observations suggest that the particle acceleration occurs at the outer region of the
pulsar magnetosphere. The magnetic field lines in the outer acceleration region (OAR) are connected
to the neutron star surface (NSS). If copious electron–positron pairs are produced near the NSS, such
pairs flow into the OAR and screen the electric field there. To activate the OAR, the electromagnetic
cascade due to the electric field near the NSS should be suppressed. However, since a return current
is expected along the field lines through the OAR, the outflow extracted from the NSS alone cannot
screen the electric field just above the NSS. In this paper, we analytically and numerically study the
electric-field screening at the NSS taking into account the effects of the back-flowing particles from
the OAR. In certain limited cases, the electric field is screened without significant pair cascade if only
ultrarelativistic particles (γ ≫ 1) flow back to the NSS. On the other hand, if electron–positron pairs
with a significant number density and mildly relativistic temperature, expected to distribute in a wide
region of the magnetosphere, flow back to the NSS, these particles adjust the current and charge
densities, so that the electric field can be screened without pair cascade. We obtain the condition
for the number density of particles to screen the electric field at the NSS. We also find that in ion-
extracted case from the NSS, bunches of particles are ejected to the outer region quasi-periodically,
which is a possible mechanism of observed radio emission.
Subject headings: acceleration of particles — pulsars: general
1. INTRODUCTION
In pulsar magnetosphere, particles are significantly
accelerated at the given regions, and emit electro-
magnetic radiation from radio to γ-ray wavelength.
Observations by Fermi Gamma-Ray Space Telescope
have shown that the differential spectra above 200 MeV
are well described by the power-law functions with an
exponential cut-off, and that the cutoff shapes sharper
than the simple exponential cutoff are rejected with
high significance (e.g., Abdo et al. 2009). This rules
out the near-surface emission proposed in the polar
cap cascade model (Daugherty & Harding 1996), which
would exhibit a much sharper spectral cut-off due to the
attenuation of the magnetic pair-creation. Hence, the
detected γ-ray pulse emission should originate from the
outer region of the magnetosphere, as considered in the
outer gap model (e.g., Cheng, Ho & Ruderman
1986; Romani 1996; Takata et al. 2006;
Hirotani 2006, 2015; Takata, Ng & Cheng 2016),
as well as the current sheet model (e.g.,
Kirk, Skjæraasen & Gallant 2002; Bai & Spitkovsky
2010; Kalapotharakos, Harding & Kazanas 2014;
Brambilla et al. 2015; Cerutti, Philippov & Spitkovsky
2016).
On the other hand, the region just above the neutron
star surface (NSS) has been considered as the site of the
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radio pulsed emission (e.g., Noutsos et al. 2015). The
mechanism of pulsar radio emission is established as a
coherent process, so that the plasma dynamics near the
NSS would be strongly related to the emission mecha-
nism (e.g., Sturrock 1971). The two-stream instability
is a promising process to create the plasma bunches (e.g.,
Ruderman & Sutherland 1975). The curvature radiation
from the bunches is usually discussed as the mechanism
of the coherent radio emission (e.g., Saggion 1975). In
order to investigate the possible instabilities near the
NSS, we should take into account the non-stationary ef-
fects in the plasma flows.
The dynamics of the plasma and the electromag-
netic field near the NSS highly depends on the ratio of
the current density parameter along the magnetic field,
jm, to the Goldreich-Julian (GJ) value, jGJ = ρGJc
(Mestel et al. 1985; Shibata 1997; Timokhin & Arons
2013), which is characterized by the GJ charge density
ρGJ = −Ω ·B/2pic (Goldreich & Julian 1969), where Ω
is the stellar angular velocity vector and B is the local
magnetic field vector. The parameter jm is regulated by
the twist of the magnetic field (∇ × B) imposed by the
global stress balance of the pulsar magnetosphere (e.g.,
Shibata 1991). In the polar cap region near the NSS,
an accelerating electric field spontaneously develops to
adjust the current and charge densities to the current
density parameter jm and the GJ charge density ρGJ.
In the cases jm/jGJ ≤ 0 and jm/jGJ ≥ 1, outflowing
particles from the NSS alone cannot adjust the current
and charge densities to jm and ρGJ simultaneously (e.g.,
Mestel et al. 1985). In such cases, a significant acceler-
ating electric field develops and causes the copious pair
creation. The newly created pairs would screen the accel-
erating electric field for a temporary period of time (e.g.,
Sturrock 1971; Levinson et al. 2005; Timokhin & Arons
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The back-flowing particles from the outer acceleration
region (OAR) modify the above description of the dy-
namics near the NSS. As a result of discharge at the OAR
in the magnetosphere (e.g., outer gap or current sheet),
some fraction of charged particles would come back to
the NSS. Such back-flowing particles are actually seen in
numerical studies (e.g., Hirotani 2006; Wada & Shibata
2007; Chen & Beloborodov 2014; Cerutti et al. 2015).
The existence of the back-flow is favorable to explain the
observed pulse profiles in the non-thermal soft γ-ray, X-
ray and optical wavelengths, whose peaks are not aligned
with the GeV γ-ray one (Takata, Chang & Shibata 2008;
Kisaka & Kojima 2011; Wang, Takata & Cheng 2013).
The back-flowing particles have been also considered to
heat the NSS around the magnetic pole, whose signature
is observed as the thermal pulsed emission in soft X-ray
band (e.g., Zavlin & Pavlov 2004). The threshold of the
occurrence of pair cascade near the NSS depends on the
contribution of the back-flowing particles to the current
and the charge densities (Beloborodov 2008). The out-
flow from the NSS would also affect the dynamics in the
OAR. The outgoing particles from the NSS contribute
to the particle injection rate from the inner boundary of
the OAR (e.g., Takata et al. 2006).
If an outflow from the NSS affects the accelerating
electric field in the OAR, the current and number den-
sities of the back-flowing particles change, and the re-
sulting particle outflow from the NSS may be also modi-
fied. Through such non-linear interplay between the NSS
and OAR, the global magnetosphere is expected to reach
the steady or quasi-steady state (e.g., periodic behavior).
Leung et al. (2014) and Takata, Ng & Cheng (2016) sug-
gest that a non-stationary outer gap model is favored to
reproduce sub-exponential cut-off feature in the GeV γ-
ray spectrum observed with Fermi. In order to under-
stand the global behavior of the magnetosphere, we need
to link the dynamics of the region above the NSS and
the OAR.
In the first step, we focus on the dynamics of only
the restricted region just above the NSS for given back-
flowing particles. If a steady electric field just above the
NSS exists, copious electron–positron pairs are produced
via electromagnetic cascade. Such pairs flow into the
OAR, and may screen out the electric field in the OAR.
Therefore, the electric field just above the NSS should be
almost screened out to activate the OAR.
The local simulations have been performed to in-
vestigate the particle acceleration and the pair cre-
ation processes near the NSS (Beloborodov & Thompson
2007; Lyubarsky 2009; Timokhin 2010; Barzilay 2011;
Chen & Beloborodov 2013; Timokhin & Arons 2013;
Timokhin & Harding 2015). Since the present global
simulations are difficult to include the realistic pair-
creation process with the actual mass-to-charge ra-
tio (Spitkovsky & Arons 2002; Wada & Shibata 2007,
2011; Yuki & Shibata 2012; Philippov & Spitkovsky
2014; Chen & Beloborodov 2014; Cerutti et al. 2015;
Belyaev 2015; Philippov, Spitkovsky & Cerutti 2015;
Philippov et al. 2015), the local simulations are comple-
mentary. In order to link the local region above the NSS
to the global magnetospheric structures, it is useful to
model the properties of the outflowing particles from the
NSS for arbitrary ratio jm/jGJ and the back-flow from
the OAR.
Timokhin (2010), Timokhin & Arons (2013) and
Timokhin & Harding (2015) performed the local parti-
cle simulations to investigate the pair cascade near the
NSS. In their regimes, a large number density of pairs
are supplied to the OAR, so that the electric field in the
OAR is screened by the copious pairs. Then, the back-
flow from the OAR would be suppressed. In this context,
the effect of the back-flowing particle has not been inves-
tigated in the local particle simulations so far. However,
the OAR as a source of the back-flowing particles should
exist if the pair cascade near the NSS fails to supply
enough pairs.
In this paper, we study the screening of the accelerat-
ing electric field above the NSS taking into account the
effect of the back-flowing particles from the OAR. As we
have mentioned above, we consider that the screening
of the electric field near the NSS is a necessary condi-
tion to activate the OAR, because too much pair supply
from the inner magnetosphere via a strong electric field
would choke the OAR. The local condition of electric
field screening near the NSS in the absence of the pair
cascade is investigated for a given ratio, jm/jGJ, which is
imposed in the global magnetospheric structure. In Sec-
tion 2, we introduce our model with a particle outflow
from the NSS, where the number density and momen-
tum distribution of the back-flowing particles are given
as model parameters. In Section 3, we analytically show
the screening condition for the velocity of the plasma
flow from the NSS in the case where the back-flowing
particles are ultra-relativistic (γ ≫ 1). We see that the
development of the accelerating electric field cannot be
avoided for some combinations of the total current den-
sity and the contribution of the back-flowing particles. In
Section 4, we introduce additional components of back-
flowing particles, electron–positron pairs with a mildly
relativistic temperature. Particle-in-Cell simulations are
performed to investigate the screening conditions near
the NSS. Implications of our results for the pulsar radio
emission is discussed in Section 5. We summarize our
work in Section 6.
2. MODEL
We consider a local problem of how the accelerating
electric field is screened near the NSS for given parame-
ters. This study is motivated by the idea that the field
screening near the NSS may be an essential condition to
activate the OAR, from which high-energy photons are
emitted. Our model is one dimensional (1D), with spatial
axis along magnetic field lines. We assume that charged
particles move along straight magnetic field lines, which
are perpendicular to the NSS. This assumption is justi-
fied by following reasons. One is that charged particles
in the strong magnetic field are in the first Landau level
and move strictly along magnetic field lines. The other is
that the length scale L of our calculation domain is much
smaller than the radius of the field line curvature Rcur
and the radius of the polar cap rpc
5. We neglect the
induced variations of the magnetic field that accompany
variable electric field parallel to the magnetic field, E‖.
5 For γ ≫ 106, we cannot neglect the effect of curvature radia-
tion. However, we do not treat such a high-energy particle in most
cases.
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Fig. 1.— Schematic picture of the current closure in the pul-
sar magnetosphere. We define the dimensionless current density
α ≡ j/ρGJc, where ρGJ is the GJ charge density at the polar cap
surface. The shaded area denotes the OAR. The length scale L is
our calculation domain. The current flowing in the OAR implies
the anti-GJ (α < 0).
For the boundary condition on the NSS, we assume
that electrons or ions with non-relativistic velocity are
freely extracted from the NSS by the electric field E‖
just above the NSS. This assumption is reasonable be-
cause the work function is small as compared with ther-
mal energy for most pulsars (Jones 1980; Mu¨ller 1984;
Neuhauser, Langanke & Koonin 1986).
One of the most important parameters is the magne-
tospheric current density parameter jm = (c/4pi)∇×B.
The parameter jm is induced to balance the global stress,
since open magnetic field lines that pass through the light
cylinder are twisted. When the actual current density j
coincides with jm, the electric field becomes stationary.
However, the condition j = jm is not always assured.
In general, jm can take any values, depending on some
global conditions, because the local accelerator and the
pulsar wind interplay each other through the current.
Thus, we cannot deduce the value of jm from any local
model. In our local model, we regard the value of jm as
a model parameter.
The local current density, j, tends to be quickly ad-
justed to jm via the generation of the accelerating elec-
tric field E‖. As a result, the character of the accelerator
near the NSS strongly depends on jm (Mestel et al. 1985;
Shibata 1997; Beloborodov 2008; Timokhin & Arons
2013). Since the parameter jm should have the magneto-
spheric timescale, it can be regarded as stationary on the
dynamical timescale typical for the surface region. which
is much longer than the local time scales L/c or rpc/c.
We assume that the imposed parameter jm is constant,
while the local electric field and plasma flows develop
with time (Timokhin 2010; Timokhin & Arons 2013).
The main targets in this paper are the effects of the
back-flowing particles from the OAR on the plasma dy-
namics near the NSS (Figure 1). Thus we consider the
energetic pulsars whose OAR is sustained by the pair
cascade. If electron–positron pairs whose number den-
sity is much larger than the GJ value, nGJ = |ρGJ |/e, are
flowing back to the NSS, the electric field would be easily
screened (e.g., Lyubarsky 2009). Here, we focus on the
cases where the number density of the back-flowing par-
ticle is an order of the GJ value. For a pulsar with active
OAR, this is naturally expected as follows. The OAR
locates on the last-open field line which is the bound-
ary between the open and the closed field lines (shaded
region in Figure 1; e.g., Cheng, Ho & Ruderman 1986).
The returning current (j/ρGJc < 0) should flow along the
field lines in the OAR to close the current circuit (Fig-
ure 1) 6. The particles accelerated in the OAR would
dominantly contribute to the return current, so that the
expected value of the returning current density is an or-
der of the GJ value. The typical current density in the
results of the global simulaitons is an order of GJ value
(e.g., Kalapotharakos et al. 2012).
In addition to the accelerated particles, the electron-
positron pairs created between the OAR and NSS are
also expected to come back to the NSS. Recent time-
dependent particle simulations show the existence of two
components in the momentum distribution, which sta-
tionary screen the electric field E‖ outside the OAR
(Timokhin 2010; Timokhin & Arons 2013). A beam
component with high Lorentz factor accounts for the
current density as j = jm, while another component
with a quasi-thermal momentum distribution and an
average velocity β¯ ∼ 0 adjusts the charge density as
ρ = ρGJ (Timokhin 2010; Chen & Beloborodov 2013;
Timokhin & Arons 2013). In the outer gap model,
the electric field E‖ outside the OAR is screened via
photon-photon pair creation near the null-charge sur-
face (Cheng, Ho & Ruderman 1986; Takata et al. 2006;
Hirotani 2006). Most pairs are created above the OAR,
because the curvature photons are emitted to the tan-
gential direction of the field line. On the other hand,
at the inner boundary of the OAR, the number density
of created pairs may not be much larger than the GJ
value. When the screening process with the two plasma
components works near the null-charge surface, the non-
relativistic particles are also expected to flow towards the
NSS from the OAR. In what follows, we consider two
cases for the momentum distribution of the back-flowing
particles with a comparable density to the GJ number
density.
In case 1, we assume that only particles with large
Lorentz factor γ ≫ 1 are flowing back to the NSS. The
schematic pictures of the case with a back-flow are shown
in Figure 2 (a). The velocity of the back-flowing particles
is almost light speed until reaching the NSS. Hereafter,
we call these particles a beam component. The beam
component consists of electrons or positrons, and is ac-
celerated in the OAR. The number density of the beam
component would be an order of GJ value, nGJ. The
Lorentz factor γ is regulated by the acceleration process
in the OAR and the energy loss due to the curvature and
synchrotron radiations during the travel to the NSS. As
seen in the numerical results by Hirotani (2006), parti-
cles may be slightly decelerated before reaching the NSS
(γ ∼ 105 − 106). We neglect the particle creation by the
curvature photons emitted by the beam component. We
6 Note that for a nearly orthogonal rotator or an inclined mil-
lisecond pulsar, their polar cap may cross the equatorial plane.
Then, the current j/ρGJc along the field lines in the OAR would
be positive at the surface. However, the polar cap radius is much
smaller than the stellar radius so that we can expect a negative
value for j/ρGJc for most normal pulsars.
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Fig. 2.— The schematic pictures of the current flows in the cal-
culation domain with the screening condition of the electric field
for the currents. Panels (a) and (b) are enlarged view near the
outer boundary. Panel (a); only particles with γ ≫ 1 are flowing
back to the NSS. Panel (b); both particles with γ ≫ 1 and γ ∼ 1
are flowing back to the NSS.
analytically investigate the screening condition for case
1 in Section 3.
In case 2, we consider the possibility that there is an-
other component of the back-flowing particles with a
quasi-thermal momentum distribution and an average
velocity β¯ ∼ 0 [see Figure 2 (b)]. Hereafter we call this
second component a thermal component. The number
density of the thermal component is assumed to be an
order of nGJ as we mentioned. For case 2, we study
the screening of E‖ with kinetic time-dependent particle
simulations in Section 4.
3. ANALYTICAL DESCRIPTION FOR SCREENING
CONDITIONS OF ELECTRIC FIELD
Here, we analytically describe the screening conditions
in 1D model. The momentum dispersion of the flows
is neglected in this section. Note that the results do
not depend on the sign of the GJ charge density ρGJ.
Hereafter, we denote a quantity Q due to the outflow
from the NSS as Qns, and that due to the back-flow as
Qbk.
Let us introduce dimensionless current densities for
each component jk (e.g., jns and jbk in Figure 2) and
the current density parameter jm, as
αk =
jk
cρGJ
, αm =
jm
cρGJ
. (1)
We define the charge density for each component, ρk.
The dimensionless average velocity of a current compo-
nent, βk = jk/ρkc, relates to αk as
βk =
αk
(ρk/ρGJ)
. (2)
The positive (negative) direction of βk corresponds to the
outward direction to (inward direction from) the magne-
tosphere.
In the 1D case, the electric field satisfies Maxwell’s
equations that lead to (e.g., Levinson et al. 2005)
∇ · E‖ = 4pi(ρ− ρGJ), (3)
∂E‖
∂t
= 4picρGJ(αm − α), (4)
in the co-rotating frame of the star, where ρ ≡ Σkρk and
α ≡ Σkαk are the total charge and dimensionless current
densities, respectively.
If the condition,
ρ = ρGJ, α = αm, (5)
is satisfied, we have a null solution, namely a steady and
an uniform solution with E‖ = 0, where no particle ac-
celeration occurs. In the case that particles are supplied
only from the NSS, equations (2) and (5) require
βns = αm, (6)
to screen the electric field (j = jns). Then, the condition
0 < αm < 1 (hereafter, sub-GJ condition; Shibata 1997)
should be satisfied for the null solution to be possible. 7
If the condition 0 < αm < 1 is not satisfied for the
case without back flows, particles from the NSS are ac-
celerated and the pair cascade is ignited. The condi-
tion αm > 1 (hereafter super-GJ condition; Shibata
1997) requires superluminal velocity for particles from
the NSS (equation 6), so that the velocity βns cannot
equal to αm and then the system develops high voltage
drops, causing γ-ray emissions due to curvature radia-
tion and intense bursts of pair creation (Mestel et al.
1985; Shibata 1997; Beloborodov 2008) near the NSS.
The system with αm ≤ 0 (hereafter anti-GJ condition;
Timokhin & Arons 2013) also develops high voltage. A
recent numerical study (Timokhin & Arons 2013) sup-
ports these speculations.
We focus on only the anti-GJ condition. Since the cur-
rent in the OAR should be the return current (αm < 0;
Figure 1) as we mentioned in Section 2, the current at the
inner boundary of the OAR is also expected to be anti-GJ
value. In this case, when the effect of the back-flowing
particles is negligible, a significant number of pairs are
created near the NSS because of the unscreened elec-
tric field (Timokhin & Arons 2013). Here, we discuss the
possibility that the back-flows can assist the screening of
the electric field near the NSS without pair creation.
In case 1, particles with γ ≫ 1 (beam component) flow
back to the NSS. The current densities of the flowing par-
ticles from the NSS jns and the OAR jbk,bm are described
by dimensionless current densities αns and αbk,bm as fol-
lows:
jns = αnscρGJ,
jbk,bm = αbk,bmcρGJ.
(7)
7 However, even for the sub-GJ case, the null solution is not
always guaranteed. When charged particles are extracted from the
NSS with a non-relativistic velocity, the velocity increases following
the continuity equation, nβ = constant. The change of the velocity
leads to the spatial change of the charge density, which causes the
deviation from the GJ density. Spatially oscillating solutions with
averaged electric field E¯‖=0 are obtained by Mestel et al. (1985)
and Shibata (1997) for such cases. Timokhin & Arons (2013) and
Chen & Beloborodov (2013) pointed out that such oscillating so-
lutions are unstable, and obtained quasi-steady solutions. They
observe inefficient particle acceleration and no pair creation with
E‖ ∼ 0 except for the region just above the NSS. Therefore, for
the sub-GJ case without a back-flow, we can conclude that particle
acceleration is inefficient.
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Fig. 3.— The current density diagrams in the steady-state for αm (panel a) and β
req
ns (panel b). The red, blue, and green regions
correspond to the R-super-GJ (panel b; βreqns > 1), anti-GJ (panel a; αm < 0) or R-anti-GJ (panel b; β
req
ns < 0), and sub-GJ (panel a;
0 < αm < 1) or R-sub-GJ (panel b; 0 < β
req
ns < 1), respectively. The dotted lines show the cases of αm = αns + αbk = 0 (a), -0.4 (a and
b), -1 (b) and -1.6 (b). In panel (b), βreqns = −1, 0, and 1 correspond to the dotted line αm = −1, the solid horizontal line αns = 0, and the
solid diagonal line αns = αbk + 1, respectively.
Note that the current density of the beam component
αbk,bm is a parameter and is determined independently
of the global current density parameter αm. We also
define the average velocity of the particles from the NSS
and OAR,
βns =
αns
(ρns/ρGJ)
,
βbk,bm=
αbk,bm
(ρbk,bm/ρGJ)
,
(8)
where ρns and ρbk,bm represent the charge densities of
the above two components. In steady state, the sum of
the two current densities should satisfy
αns + αbk,bm = αm. (9)
We only consider the case αbk,bm < 0 (−1 < βbk,bm <
0) and αm < 0, assuming that the OAR exists on the
same field line. To screen the electric field uniformly,
equation (3) requires ρ = ρns + ρbk,bm = ρGJ, which can
be described as,
αns
βreqns
+
αbk,bm
βbk,bm
= 1. (10)
From this equation, the required value of βns to screen
the field is given by,
βreqns =
αns
1− (αbk,bm/βbk,bm)
, (11)
In case 1, since the current density jbk,bm is carried by
ultra-relativistic particles (βbk,bm → −1), equation (11)
becomes
βreqns =
αns
1 + αbk,bm
=
αm − αbk,bm
1 + αbk,bm
. (12)
For the flow from the NSS, we use βreqns to character-
ize the system including the effects of the beam com-
ponent. Although the total current density is anti-GJ
(αm < 0), β
req
ns can have arbitrary value. The cases
βreqns < 0, 0 < β
req
ns < 1 and β
req
ns > 1 are similar to
the situations of anti-GJ, sub-GJ and super-GJ in the
system without the back-flows, respectively. Hereafter,
those revised versions of the conditions on the current
are called such as R-anti-GJ etc., respectively. When
the R-sub-GJ condition is satisfied, the electric field can
be screened out by the contribution of the back-flow. In
this case, the OAR is steadily maintained with αm < 0.
Figure 3 shows the diagrams for αm (a) and β
req
ns (b) as
a function of αbk(= αbk,bm in case 1) and αns. We focus
on the cases where the number and current densities are
an order of the GJ value, so that the ranges shown in
Figure 3 are around αm ∼ −1 and αbk ∼ −1. Since αm
in the steady state is the sum of the two current densities
(equation 9), the lines corresponding to αm = const. are
expressed by the dashed diagonal lines from upper left
to lower right in this diagram. From equation (12), the
lines αns = 0,−αbk − 1, αbk + 1 imply β
req
ns = 0,−1, 1,
respectively. For a certain value of αm, there are two
regions for the R-anti-GJ condition as shown in Figure 3
(b) (blue; βreqns ≤ −1, and −1 < β
req
ns ≤ 0). In the red and
blue regions in Figure 3 (b), the significant pair creation
would occur.
These two diagrams show that even if the total current
density is anti-GJ, certain ranges of the current density
αbk can achieve R-sub-GJ. However, the electric field
can be screened in only some particular combinations
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of the current densities αbk and αm. Such an accidental
combination may be rarely satisfied. In order to maintain
the OAR steadily, another particle component is required
unless the combination of αbk,bm and αm are adjusted
in the particular range by some kinds of the regulation
mechanism.
4. NUMERICAL SIMULATIONS
In case 2, the thermal component with relatively small
Lorentz factor also comes back to the NSS from the OAR
[Figure 2 (b)]. The thermal component is generally re-
quired to screen the electric field at the inner boundary of
the OAR as seen in the simulations in Timokhin (2010).
In order to treat the particles with finite momentum dis-
tribution (including non-relativistic cases), we perform
the numerical simulations of the encountering plasma
just above the NSS with the 1D electrostatic Particle-
in-Cell code (e.g., Birdsall & Langdon 1985; Timokhin
2010; Timokhin & Arons 2013). First, we confirm the
analytical results for case 1 [Figure 2 (a)] discussed in
Section 3. Then, we consider case 2, where both the
beam and thermal components are injected from the
outer boundary under the anti-GJ condition and inves-
tigate how many thermal particles are needed to be in-
jected from the outer boundary in order to screen the
electric field.
4.1. Numerical Setup
In this subsection, we describe the numerical set-up.
From here, we omit the subscript ‖ from all quantities.
A coordinate axis x is directed along the field lines, its
origin is at the NSS and positive direction is towards the
OAR.
In the 1D model the only changing component of elec-
tromagnetic fields is the electric field component E(x, t)
parallel to the x-axis. We solve the evolutionary equation
for the electric field E(x, t) with,
∂E(x, t)
∂t
= −4pi(j(x, t)− jm). (13)
Here j(x, t) is the current density at the point x and time
t. For the calculation of the current density j(x, t), we
use a 1D version of the charge conservative algorithm
proposed by Villasenor & Buneman (1992). In order to
obtain the initial value of the electric field E(x, 0), we
solve the Poisson equation
dE
dx
(x, 0) = 4pi(ρ(x, 0)− ρGJ). (14)
For the GJ charge density ρGJ, we assume a spatially
and temporary constant value in the calculation domain.
To model the free emission of the particles from the
NSS (x = 0), we adopt the same method proposed by
Timokhin & Arons (2013). At the beginning of each
time-step, electrons and ions with certain equal number
Nns are injected into a cell just outside the numerical
domain x < 0 (ghost cell) to carry out the electric field
calculation. We adopt a significant number of Nns to
correctly simulate the space-charge limitation condition
(for details, see Appendix C in Timokhin & Arons 2013).
The momentum of each injected particle is sampled from
an uniform distribution in the interval [−pns, pns] to
model non-relativistic and finite temperature of the par-
ticles. We adopt the momentum pns = 10
−2mec, though
the results do not basically depend on the specific value
of pns(< mec). We take the mass ratio of ion to electron
as mi/me = 1836.
We introduce αbk,th as the current density of the ther-
mal component. Then, the current density of back-
flowing particles are described by
αbk = αbk,bm + αbk,th. (15)
In the steady state, the current densities should satisfy
the relation
αns + αbk = αm. (16)
We inject the back-flowing particles just outside the
numerical domain x > 1 (the last cell) in our simula-
tions, where x is normalized by the length of the calcu-
lation domain L. For the beam component, we inject
electrons (for ρGJ < 0) or positrons (for ρGJ > 0) with
Lorentz factor γ = 106 into the calculation domain. The
number density of the injected particles is determined
by the parameter αbk,bm. The particles are injected with
a time-step δt, and the injection point for each particle
is distributed randomly in space into the last cell. The
thermal particles from the OAR consist of electrons and
positrons with the same number density. At the injection
point, the average velocity of the thermal component is
β¯bk,th = 0 and the temperature of them is assumed as
kTbk,th = mec
2. In this set-up, the charge and current
densities are ρbk,th = 0 and αbk,th = 0 at the injection
point. The model parameter for the thermal component
is only the number density nbk,th in the last cell.
In the 1D model, charged particles are represented by
thin sheath with infinite extend in the direction perpen-
dicular to the x-axis. The equation of motion for a par-
ticle i is
dxi
dt
= vi (17)
dpi
dt
=
eE(xi)
mc
, i = 1, ..., Np (18)
where xi and pi are the position and momentum of the
ith particle in unit of λpe and mc, respectively. The
length scale λpe is the electron skin depth for the GJ
density,
λpe ≡
c
ωpe
= c
(
4pi|ρGJ|e
me
)−1/2
. (19)
Since we focus on the nearly screened state of the electric
field, particles do not obtain high momentum (at most
∼ 106mec even for the beam particles) in our calcula-
tion domain within the reasonable range of αm (an order
of unity). The radiation drag force starts to work at
γ > 106 so that we can neglect the reaction force in the
equation of motion (18) (Timokhin 2010). We have to
choose the total number of the simulation particles Np
and the length of the calculation domain L in order to
satisfy the conditions
L≫ λpe, Np ≫
L
λpe
. (20)
In this limit, the results are expected to be independent
of the choice of Np and L. In our simulations, typi-
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cally L = (102-103)λpe and Np ∼ 10
6. Another require-
ment is a significantly short time-step in the simulation,
δt ≪ ωpe, to resolve plasma oscillations. In our simu-
lations, non-relativistic particles play an important role
to screen the electric field. Our choices for the time step
δt and each grid size δx are always δt = 0.02ωpe and
δx = 0.1λpe.
Initially, we set a condition that there is no particle in
the calculation domain (ρ(x, 0) = 0). We have checked
that the results basically do not depend on the initial
particle distribution once the system reaches the quasi-
steady state.
The extracted particles (electrons or ions) from the
NSS in the quasi-steady state depend on the signs of the
parameters, αm − αbk,bm and ρGJ
8. Equation (9) in-
dicates that the signs of αns and αm − αbk,bm are the
same in the quasi-steady state. Since βns is always posi-
tive, the sign of ρns is the same as (opposite to) that of
ρGJ for positive (negative) αns (see equation 8) or equiv-
alently positive (negative) αm − αbk,bm. The parameter
sets we adopt are summarized in Table 1.
Although we only consider αm = −0.4 in Models A-F,
the following results are the same as the case αm = −1.6.
The diagram in Figure 3 (b) is symmetrical to the point
(αbk, αns) = (−1, 0). For example, electrons with the av-
erage density n¯ns/nGJ = 0.4 and velocity β¯ns = 0.5 are
extracted from the NSS in Model A. In the anti-pulsar
case (ρGJ > 0) with the current densities αm = −1.6
and αbk,bm = −1.4, the electrons with average den-
sity n¯ns/nGJ = 0.4 and velocity β¯ns = 0.5 are also ex-
tracted from the NSS to screen the electric field from
equation (12). Then, the two cases, (αm, αbk,bm, ρGJ)
and (α′m, α
′
bk,bm, ρ
′
GJ) = (−αm − 2,−αbk,bm − 2,−ρGJ),
result in the same solution for the particle flow from the
NSS.
4.2. Single Beam Back-flow
In the left panels of Figure 4, we show a snapshot
for different physical quantities in quasi-steady state
of Model A (αm = −0.4, αbk,bm = −0.6), for which
βreqns = 0.5 satisfies the R-sub-GJ condition. In the case
βreqns = 0.5, the extracted electrons may behave similarly
to the sub-GJ case of αm = 0.5 without the beam com-
ponent (Timokhin & Arons 2013; Chen & Beloborodov
2013). The figure shows that electric field is screened in
most of the calculation domain as we expected. In the
momentum distribution of the extracted electrons, two
components, the cold outgoing beam and trapped ther-
mal ones, are seen. The cold beam particles from the NSS
adjusts the total current density to αm. Because particles
from the NSS initially have non-relativistic velocity, the
absolute value of the normalized charge density |ρ/ρGJ|
just above the surface is larger than unity in the steady
state. Then, the non-relativistic particles are accelerated
by the generating electric field and the normalized charge
density |ρ/ρGJ| decreases toward the OAR. The accel-
erated particles mainly compose of the outgoing beam
component. The trapped component in the calculation
domain adjusts the total charge density to ρGJ except
for the region just above the NSS. The formation of this
8 Note that before reaching the quasi-steady state, both particles
can be extracted from the NSS depending on the electric field just
above the NSS.
trapped thermal component is attributed to the instabil-
ity as discussed by previous authors (Timokhin & Arons
2013; Chen & Beloborodov 2013), who show that the
spatially oscillated solution in cold limit on the particle
momentum (e.g., Shibata 1991) is unstable for the par-
ticles with non-negligible temperature at the NSS. The
trapped particles are reflected by the electric field near
the boundaries, so that most of them cannot take part in
the outgoing beam component. The electric-field struc-
ture within 0 < x < 0.1 can be regarded as the rela-
tivistic double layer, which is defined as a large poten-
tial drop (≫ mec
2) maintained by an anode and a cath-
ode neglecting gravity and thermal plasma motion at the
boundaries (e.g., Carlqvist 1982). The electric field also
appears near the outer boundary (0.9 < x < 1.0) to trap
the thermal particles. The results for the extracted par-
ticles from the NSS are close to the sub-GJ case with-
out back-flowing component (Timokhin & Arons 2013;
Chen & Beloborodov 2013), so that even if αm < 0, the
electric field is screened and no significant particle ac-
celeration occurs when 0 < βreqns < 1. The tiny momen-
tum fluctuation of the beam component from the outer
boundary (seen in the left second column of Figure 4)
is due to the fluctuation in the charge density of the
trapped particles. For the beam component from the
OAR, the velocity (∼ −c) and the current density are
almost constant as shown in the left panels of Figure 4.
In the right panels of Figure 4, we also show the quasi-
steady state for the R-super-GJ case (Model B). We set
the sign of ρGJ is positive and inject positrons as beam
particles from the outer boundary. Then, mainly ex-
tracted particles from the NSS are electrons in Model
B. Obviously, particles from both boundaries are contin-
uously accelerated. Because our calculation domain is
not so large, the change of Lorentz factor is ∼ 103. In
reality, the value of the Lorentz factor would reach the
acceleration-reaction limit. As a result, electrons and
positrons emit γ-ray photons and significant pair cre-
ation should occur. Therefore, we confirm that the beam
component from the OAR does not assist the screening
for the R-super-GJ case, as mentioned in Section 3. In
order to screen the field without pair creation in the anti-
GJ case, the R-sub-GJ condition is required, as long as
only an ultra-relativistic component is considered as the
back-flow.
4.3. Beam and Thermal Back-flows
In this subsection, we assume that both the beam and
thermal components come back to the NSS under the
anti-GJ condition (αm = −0.4). The thermal particles
may coherently interact with the particles extracted from
the NSS. Then, the results depend on the relative mass
of the particles. We separately consider the electron-
extracted case (Section 4.3.1) and the ion-extracted case
(Section 4.3.2) from the NSS. Hereafter, we classify cases
as R-anti-GJ, etc. based on equation (12). As we will see
later, if the number density of thermal particles is large
enough, their contribution finally changes the status of
the whole calculation domain to R-sub-GJ.
4.3.1. Electron-extracted case
For a given parameter αm, a dotted line in Figure 3 (b)
shows that the system can be the R-super-GJ, R-sub-GJ,
8 Kisaka, Asano & Terasawa
TABLE 1 Simulation model parameters
Model ρGJ αm αbk,bm β
req
ns nbk,th/nGJ
A negative −0.4 −0.6 0.5 R-sub-GJ 0
B negative −0.4 −0.8 2.0 R-super-GJ 0
C1 negative −0.4 −0.8 2.0 R-super-GJ 0.1
C2 negative −0.4 −0.8 2.0 R-super-GJ 0.2
C3 negative −0.4 −0.8 2.0 R-super-GJ 0.4
C4 negative −0.4 −0.8 2.0 R-super-GJ 0.6
C5 negative −0.4 −0.8 2.0 R-super-GJ 0.8
C6 negative −0.4 −0.8 2.0 R-super-GJ 1.0
D1 negative −0.4 −1.2 −4.0 R-anti-GJ 0.2
D2 negative −0.4 −1.2 −4.0 R-anti-GJ 0.6
D3 negative −0.4 −1.2 −4.0 R-anti-GJ 1.0
D4 negative −0.4 −1.2 −4.0 R-anti-GJ 1.4
D5 negative −0.4 −1.2 −4.0 R-anti-GJ 1.8
D6 negative −0.4 −1.2 −4.0 R-anti-GJ 2.2
E1 positive −0.4 −0.2 −0.25 R-anti-GJ 0.5
E2 positive −0.4 −0.2 −0.25 R-anti-GJ 0.6
E3 positive −0.4 −0.2 −0.25 R-anti-GJ 0.7
E4 positive −0.4 −0.2 −0.25 R-anti-GJ 0.8
E5 positive −0.4 −0.2 −0.25 R-anti-GJ 0.9
E6 positive −0.4 −0.2 −0.25 R-anti-GJ 1.0
F1 positive −0.4 −0.8 2.0 R-super-GJ 0.2
F2(a-e) positive −0.4 −0.8 2.0 R-super-GJ 0.4
F3 positive −0.4 −0.8 2.0 R-super-GJ 0.6
F4 positive −0.4 −0.8 2.0 R-super-GJ 1.1
F5 positive −0.4 −0.8 2.0 R-super-GJ 1.6
and two R-anti-GJ regions (αbk < −1, αbk > −1) for dif-
ferent αbk. We investigate the screening conditions for
the R-super-GJ condition (Models C1-6; βreqns = 2.0) and
for the two kinds of the R-anti-GJ conditions (Models
D1-6; βreqns = −4.0, and Models E1-6; β
req
ns = −0.25).
The length of the calculation domain is L = 100λpe.
Since the beam back-flow is not significantly decelerated
in our results, the charge and current densities of the
beam component are constant in the calculation domain
as seen in Section 4.2. We omit showing the momen-
tum portrait for the beam component from the OAR in
Section 4.3.
In Figure 5, we present the snapshots of the quasi-
steady state starting from the R-super-GJ condition
(Models C1-6; αbk,bm = −0.8 and β
req
ns = 2.0) for dif-
ferent number densities of the thermal electrons and
positrons at the outer boundary. The parameters αm
and αbk,bm are the same as in Model B. The sign of ρGJ
is negative, so that the beam particles from the OAR are
electrons. In Model C1 (nbk,th/nGJ = 0.1; the first row
in Figure 5), the electric field is not screened. The value
of the current density −0.7 < αbk < −0.4 is required
to achieve the R-sub-GJ [Figure 3 (b)]. Even if all the
thermal positrons initially have a velocity βbk,th ∼ −1
and act like the beam particles, the total current den-
sity of the flow from the OAR become αbk = αbk,bm +
enbk,th × (−c)/(ρGJc) = −0.7 (β
req
ns = 1), which is just
at the boundary of the required condition. Consider-
ing the slow average velocity |β¯bk,th| ≪ 1 at the outer
boundary, the current density becomes αbk < −0.7 due
to the continuity equation. Furthermore if the electric
field is screened at the outer boundary, only a half num-
ber density of the thermal positrons 0.5nbk,th with an
initial momentum ptp < 0 can enter the calculation do-
main. Thus, the injected number density of the thermal
particles nbk,th/nGJ = 0.1 is too small to steadily screen
the electric field. In order to clarify this result, we plot
the value of the current densities αbk = αbk,bm + αbk,th
and αns in Figure 6 for each position x in the calculation
domain on the same diagram as Figure 3 (b). The dashed
line denotes the condition αns + αbk = αm = −0.4. In
Model C1 (red dots), the dots still locate the R-super-
GJ region (red region). When the currents achieve the
quasi-steady state, the dots should be along the dashed
line. Actually the results show αbk + αns = αm on aver-
age and the system can be considered as the quasi-steady
state (∂E/∂t ∼ 0 from equation 13).
In Model C2 (nbk,th/nGJ = 0.2; the second row in Fig-
ure 5), the accelerating electric field still exists over the
calculation domain. Because of the electric field near the
outer boundary, the back-flowing thermal positrons are
accelerated toward the NSS (the third column in Figure
5). Most electrons of the thermal component do not con-
tribute to the current density in the calculation domain
(the second column in Figure 5). As shown in Figure
6, the center of the distribution of the current densities
(green dots) locates βreqns = 1 (solid diagonal line). Since
particles cannot reach |v| = c strictly, this solution still
requires the electrons from the NSS to be accelerated
continuously (e.g., Michel 1974).
When nbk,th/nGJ > 0.2, the electric field is almost
screened over the calculation domain except for the re-
gions near the inner and outer boundaries. In Figure 5,
no significant particle acceleration is seen in Models C3-
6 (nbk,th/nGJ = 0.4, 0.6, 0.8 and 1.0, respectively). The
momentum distributions of the thermal component from
the OAR are mainly determined by the initial tempera-
ture kTbk,th = mec
2. Note that in contrast to the parti-
cles from the NSS, both thermal electrons and positrons
from the OAR enter the calculation domain. In Model
C3 (the third row in Figure 5), although the electric
field near the outer boundary accelerates positrons up
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Fig. 4.— Snapshots of the quasi-steady state for Models A (R-sub-GJ, left) and B (R-super-GJ, right). Each column gives the following
physical quantities in the computational domain: momentum (normalized by mec) of electrons from the NSS pse (blue), that from the OAR
pbe + 10
6 (red), accelerating electric field E normalized by E0 ≡ mecωpe/e, charge densities ρ/|ρGJ|, and current densities α. The length
of the calculation domain (from x = 0 to x = 1) is L = 100λpe. For the charge and current densities (fourth and fifth columns), black lines
denote the total values. Blue and red lines imply the contributions of particles from the NSS and the outer boundary, respectively.
to ∼ −c, the momentum of the accelerated particle is an
order of ∼ −mec in the steady state. Since the initial
temperature at the outer boundary is comparable to the
electron rest-mass energy, a part of them has a mildly
relativistic velocity γ ∼ 3 − 5. Such mildly relativistic
electrons are not reflected by the electric field near the
outer boundary and penetrate the calculation domain.
On the other hand, at the inner boundary, injected par-
ticles have non-relativistic velocity so that only electrons
accelerated by the electric field near the inner boundary
can enter the calculation domain.
In Models C5 and C6, the thermal particles from the
OAR largely contribute to the total charge and current
densities (the fifth and sixth columns of Figure 5). These
contributions adjust the the total current density to the
stationary condition α = αm. As shown in Figure 6, al-
most all dots for nbk,th/nGJ ≥ 0.4 locate the R-sub-GJ
region except for a small number of dots in the R-super-
GJ region. The electrons from the NSS contribute to
the total current density (αns 6= 0; see blue lines in the
fifth column of Figure 5). Such electrons have to be ac-
celerated to significantly contribute to the total current
density. The electric-field structure near the NSS can be
regarded as the relativistic double layer, which is simi-
lar to the result in R-sub-GJ case without the thermal
components from the OAR (Figure 4). The dispersion
of the dots in the R-sub-GJ region in Figure 6 is caused
by the plasma oscillation of trapped particles in the cal-
culation domain, which adjust the charge density to the
GJ value. The contribution of αns to the total current
density becomes small as nbk,th increases. Especially for
Model C6, αns ∼ 0 in the calculation domain. In this
case, only the thermal component from the OAR adjusts
both the current and charge densities and the structure
of the double layer near the NSS is no longer sustained.
We also perform the simulations with a larger injection
number density nbk,th/nGJ > 1.0 and confirm that only
the thermal component adjusts the current and charge
densities to α = αbk = αm and ρ = ρGJ in the R-sub-
GJ region. This is because the thermal electrons from
the OAR screen the electric field instead of the electrons
from the NSS. This practically indicates elimination of
the polar cap in the anti-GJ region; the entire region ex-
cept for the OAR is steadily filled with a high-density
plasma that screens the electric field.
Let us move on to the case starting from the R-anti-
GJ condition. First, we investigate the case βreqns ≤ −1
(Models D1-6; αm = −0.4, αbk,bm = −1.2, so that
βreqns = −4.0). In Figure 7, we present the current densi-
ties (αbk, αns) at each position in the quasi-steady state
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Fig. 5.— Snapshots of the quasi-steady state for Models C1-6 (starting from R-super-GJ, βreqns = 2.0). From left to right rows, the
injected number densities of the thermal electrons and positrons from the outer boundary nbk,th/nGJ are 0.1 (Model C1), 0.2 (Model
C2), 0.4 (Model C3), 0.6 (Model C4), 0.8 (Model C5) and 1.0 (Model C6). The first (momentum of electrons from the NSS), forth (the
electric field), fifth (charge densities), and sixth columns (current densities) are the same plots as in Figure 4. The length of the calculation
domain is L = 100λpe. The second and third columns show the normalized momenta of the thermal electrons pte (green) and positrons ptp
(cyan) coming from the OAR. The contributions of the thermal particles from the OAR are shown as the same colors in the fifth and sixth
columns. The red lines in the fifth and sixth columns show the contribution of the beam electrons from the OAR with γ ∼ 106. For the
first and third columns in Models C1 and C2, we show the wide range of momenta, −100 ≤ pse ≤ 600 and −600 ≤ ptp ≤ 100, respectively.
In the other models the ranges are taken as −15 ≤ pse, pte, ptp ≤ 15.
for Models D1-6. Similarly to the results in the case
starting from the R-super-GJ condition (Models C1-6),
the distribution of dots shift toward right side along the
line of αns + αbk = αm as nbk,th increases. In Model
D1 (nbk,th/nGJ = 0.2; red dots in Figure 7), the cur-
rent density is αbk ∼ −1.0. This means that almost all
injected thermal positrons are accelerated up to ∼ −c
due to the large electric field near the outer boundary.
Because the average velocity of particles which enter the
calculation domain is |β¯bk,th| ≪ 1 at the outer boundary
and the continuity equation is satisfied, the current den-
sity αbk is a bit smaller than −1.0. As the density nbk,th
increases, the contribution of αns decreases. The electric
field is almost screened out, when the dots are on the
green region in Figure 7. Those results are almost the
same as the case starting from the R-super-GJ condition
(Models C1-6; Figure 5).
Next, we consider another R-anti-GJ condition (Mod-
els E1-6; αbk,bm = −0.2, αm = −0.4 and β
req
ns = −0.25),
in which the sign of αm − αbk,bm is negative. To inves-
tigate the electron-extracted case, we assume that the
sign of ρGJ is positive and the beam particles from the
OAR are positrons. The thermal component from the
OAR succeeds to decrease the current density αbk down
to −0.4. We show the results in the current density di-
agram of Figure 8. All the cases for different values of
nbk,th enter the R-sub-GJ region in the diagram, and the
electric field is screened in the calculation domain. In the
cases with βreqns < −1, there are steady-state solutions
with αns 6= 0 in the R-sub-GJ region (Models D4 and
D5). However, in the case −1 < βreqns < 0 (Models E1-
6), the current density αns is always ∼ 0 in the screened
solutions. This tendency is irrespective of whether the
extracted particles are ions or electrons.
Our numerical results shown above provide the condi-
tion to screen the electric field. In the electron-extracted
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Fig. 7.— Same as Figure 6 but for Models D1-6 (starting from
the R-anti-GJ, βreqns = −4.0). The cases of nbk,th/nGJ = 0.2 (red;
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genta; Model D4), 1.8 (cyan; Model D5) and 2.2 (yellow; Model
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case, we divide non-R-sub-GJ regions into |βreqns | ≥ 1
and −1 < βreqns < 0. In the former case, the injection
of the thermal component tends to reduce |αns| keep-
ing αns + αbk = αm. If we inject the thermal compo-
nent enough to achieve βreqns < 1, the electric field is
screened over the calculation domain. When the system
enter the R-sub-GJ region with αns 6= 0, particles are
extracted from the NSS. In order to derive the screen-
ing condition, we introduce a parameter, n0, which is
the density of particles entering the calculation domain
without the electric field at the outer boundary (i.e.,
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Fig. 8.— Same as Figure 6 but for Models E1-6 (starting from
the R-anti-GJ, βreqns = −0.25). The cases of nbk,th/nGJ =0.5 (red;
Model E1), 0.6 (green; Model E2), 0.7 (blue; Model E3), 0.8 (ma-
genta; Model E4), 0.9 (cyan; Model E5) and 1.0 (yellow; Model
E6). Note that almost all the data points are overlapped in the
diagram.
n0 = 0.5nbk,th for β¯bk,th = 0). If electrons or positrons
of the thermal component are accelerated up to ∼ −c
in the calculation domain, the density n0 is described
as n0/nGJ = |αbk − αbk,bm|. From equation (12), the
screening condition is
αm − αbk
1 + αbk
< 1. (21)
Then, we derive the required density of the thermal com-
ponent n0 as,
n0
nGJ
>


1
2 |(αbk,bm + 1)(β
req
ns − 1)| for αbk,bm 6= −1,
1
2 |αm + 1| for αbk,bm = −1.
(22)
Note that βreqns is defined in equation (12) neglecting
αbk,th. On the other hand, for the case −1 < β
req
ns ≤ 0,
the screened state always implies αns = 0 (αm = αbk).
From equation (12), the screening condition is
αm > αbk, (23)
so that we derive the required density n0 to screen the
electric field as,
n0 > |β
req
ns (αbk,bm + 1)|. (24)
Note that this equation also has a singular point at
αbk,bm = −1. However, αbk,bm = −1 corresponds to
βreqns = ±∞, which is not included in the case −1 <
βreqns ≤ 0. The results do not depend on L and Np if the
conditions (20) are satisfied.
4.3.2. Ion-extracted case
Here, we investigate the case in which extracted parti-
cles from the NSS are ions. We start from the R-super-
GJ condition, in which the parameters of the current
density are the same as Models B and C1-6 (Models F1-
5; αbk,bm = −0.8 and αm = −0.4). To consider the ion-
extracted case, we assume that the GJ charge density ρGJ
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is positive. Then, the beam particles from the OAR are
positrons. In the electron-extracted cases (Section 4.3.1),
we set the length of the calculation domain L = 100λpe.
Because the ion skin depth is large, λpp ∼ 43λpe, we have
to take a larger calculation domain to correctly simulate
the dynamics including electrons and ions. According to
the limited calculation time, we set L = 103λpe and the
grid size is the same as the previous calculations.
Although we confirm that the screening condition of
the electric field (equation 22) also works in the ion-
extracted case, in some cases we obtain the quasi-
periodic solutions, which are not seen in the electron-
extracted cases. The typical one cycle of the quasi-
periodic behavior for Model F2 (nbk,th/nGJ = 0.4) are
shown in Figure 9. Initially (see the first row) the ther-
mal component from the outer boundary already reaches
to the NSS and screens the electric field over the entire
calculation domain. During the electric field is screened
out, newly extracted ions are not significantly acceler-
ated (≪ c) and the current density αns is suppressed
(see the second row). In order to maintain the condition
α = αm, the electric field near the NSS starts to increase
and ions are extracted from the NSS (see the third row).
However, since the ion inertia is larger compared to the
electron one, ions are not immediately accelerated and
the total current density α does not reach αm at that
time. Then, the electric field is continuously grown ow-
ing to the difference α−αm. Although the thermal elec-
trons are accelerated toward the NSS and positrons are
reflected by the electric field, the electron/positron num-
ber density at the NSS is not enough to screen the electric
field. Subsequently, the electric field significantly devel-
ops at the NSS (see the fourth row). When the electric
field develops enough to accelerate ion up to relativistic
velocity, accelerated ions catch up to slowly moving ions
ejected earlier and a bunch of ions (i.e., over-density re-
gion) is generated (see the fifth row). This ion bunch
reflects positrons and traps electrons in order to adjust
the charge density ρ → ρGJ. This process increases the
number density of the particles in the bunch. We show
the evolution of the number density distribution for the
thermally injected electrons/positrons in Figure 10. Fi-
nally, the bunch escapes from the calculation domain (see
the sixth row in Figure 9) and again the thermal compo-
nent starts to screen the electric field in the calculation
domain. This sequence of the instability occurs quasi-
periodically as shown in Figure 10.
The quasi-periodic solutions are obtained only in lim-
ited parameter ranges. Figure 11 shows the tempo-
ral evolutions of the density of particles except for the
beam component from the OAR at the outer bound-
ary in Models F1-5. The quasi-periodic behavior is
only seen for Models F2 (nbk,th/nGJ = 0.4; blue) and
F3 (nbk,th/nGJ = 0.6; magenta). Since Model F1
(nbk,th/nGJ ≤ 0.2; red) is not screened the electric field
over the calculation domain, the thermal component de-
velops to the beam particles. This solution is almost the
same one in Model C2. If a too large number density
of the thermal particles are injected at the outer bound-
ary (nbk,th/nGJ & 1.0, Models F4 and F5), αns → 0 and
ions are not extracted from the NSS. Then, the solution
becomes quasi-steady. Therefore, the quasi-periodic so-
lution is obtained in the cases with αns 6= 0. This means
that the cases with the R-sub-GJ and R-anti-GJ condi-
tions possibly have the quasi-periodic solutions in some
ranges of the density of the thermal component. On the
other hand, the R-anti-GJ case with −1 < βreqns ≤ 0 is
not expected to have the quasi-periodic solution, because
the screened state of the electric field is always αns = 0
as shown in the electron-extracted case (Figure 8).
Although the qualitative results in the quasi-steady
state (e.g., Models F4 and F5) do not depend on the
length of the calculation domain L, the period of the
sequence and the growth of the bunch may depend on
L. We perform simulations with different domain length
L. In all the cases, we fix the current densities and
the injected number density as Model F2. We labels
as Models F2(a) (L = 100λpe), F2(b) (L = 500λpe),
F2(c) (L = 1000λpe), F2(d) (L = 2000λpe), and F2(e)
(L = 3000λpe). Figure 12 shows the temporal evolution
of the number density of particles except for the beam
component from the OAR at the outer boundary for var-
ious L/λpe. Except for Model F2(a), the peak number
density is about an order of magnitude larger than the
number density of the thermal component at the injec-
tion. The period of the sequence Ps clearly depends on
L. In Figure 13 we plot the relation between Ps and L.
For Models F2(a-e), we obtain the relation between Ps
and L as
Ps ∼ 3.9L/c+ 6.0× 10
2ω−1pe . (25)
The timescale for the propagation of a bunch of par-
ticles is almost a few times of the light crossing time.
The intercept in equation (25) is almost consistent with
the acceleration time of ions, tωpe ∼ (mi/me) ∼ 10
3 for
E/(mecωpe/e) ∼ 2.
5. IMPLICATIONS FOR RADIO EMISSION
The coherent curvature radiation from the bunch of
particles has been considered to be a possible mech-
anism of the observed pulsar radio emission (e.g.,
Ruderman & Sutherland 1975). We estimate the lumi-
nosity of the radio emission based on our results in the
ion-extracted case, where the bunch of particles is formed
quasi-periodically. From the simulation results, the size
of a bunch is an order of ∼ 10λpe ∼ 20 cm and the num-
ber density of the bunching particles is several times of
the GJ number density. The period of the quasi-periodic
solution is an order of the light crossing time of the cal-
culation domain.
In our results in the previous section, the Lorentz fac-
tor of the bunch particles is up to γ ∼ 10. However, this
value should depend on the number density of extracted
ions. In some parameter sets we performed, the bunching
particles are heated up to γ ∼ 102. The generating elec-
tric field near the NSS accelerates ions up to relativistic
velocity in order to adjust the current density. Then, the
maximum Lorentz factor of the electron/positron, which
is determined by the potential energy near the NSS, can
be an order of the mass ratio ∼ mi/me ∼ 10
3.
The number of particles in a bunch is
N ∼ κnGJ × (10λe)
3, (26)
where κ is the average density in the bunch normalized
by nGJ. We assume that multiple bunches compose a
thin shell whose surface area is comparable to the polar
cap surface. In this case, the number of bunches in a shell
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Fig. 9.— The characteristic cycle of the ejection of the particle bunch in Model F2 (nbk,th/nGJ = 0.4). The length of the calculation
domain is L = 103λpe. The momentum of ions from the NSS is denoted by psi (blue) normalized by mic. The plotted quantities are the
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Fig. 10.— The temporal evolution of the number density of the
thermally injected component for Model F2 (nbk,th/nGJ = 0.4).
The horizontal axis is the distance x and the vertical axis is the
time t.
is Nbunch ∼ 10λe × pir
2
pc/(10λe)
3. We also assume Ps ∼
rpc/c so that the number of the shell we can observe in
one rotational period is Nshell ∼ ∆P/Ps, where ∆P is the
observed pulse width and we use ∆P ∼ 10−2P 1/2 based
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Fig. 11.— The number density of particles except for the beam
component from the OAR at the outer boundary in Models F1-5 as
a function of the time t. The different colors show for nbk,th/nGJ =
0.2 (red; Model F1), 0.4 (blue; Model F2), 0.6 (magenta; Model
F3), 1.1 (cyan; Model F4) and 1.6 (black; Model F5).
on the observational results in Maciesiak & Gil (2011).
Then, the coherent radio luminosity is estimated as
Lradio∼ E˙curN
2NbunchNshell
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Fig. 12.— Same as Figure 11 but for different computational
lengths L; L/λpe are 100 [red; Model F2(a)], 500 [green; Model
F2(b)], 1000 [blue; Model F2(c)], 2000 [magenta; Model F2(d)]
and 3000 [cyan; Model F2(e)].
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Fig. 13.— The relation between the average period of the bunch
ejection and the scale length of the computational domain in Mod-
els F2(a-e). The dashed line corresponds to equation (25).
∼ 1028
( κ
10
)2 ( γ
102
)4( Rcur
107cm
)−2
erg s−1,(27)
where E˙cur is the power of curvature radiation for single
particle and Rcur is the radius of the field line curva-
ture. Note that the radio luminosity in equation (27)
does not explicitly depend on the spin-down luminosity.
The observations also show that the radio luminosity is
∼ 1027 − 1031 erg s−1, regardless of the position in the
P -P˙ diagram (Szary et al. 2014). The characteristic fre-
quency is
νc ∼ 10
9 Hz
(
γ
102
)3(
Rcur
107cm
)−1
. (28)
The obtained values are roughly consistent with the ob-
servations.
The important point is that the extraction of ions from
the NSS occurs for both sign of ρGJ, if the back-flowing
particles exist. Most studies including the ion extraction
from the NSS focus on the anti-pulsar (ρGJ > 0 at the
polar cap) (e.g., Chen & Ruderman 1980; Jones 2010,
2016). In this paper, we consider the screened state with
αns 6= 0. The current density of the beam component is
either βreqbk,bm < −1 or βbk,bm > 0. For ρGJ < 0 and αm <
−1, the ions are extracted from the NSS. In this case,
the quasi-periodic behavior in Section 4.3.2 is expected
to occur. For ρGJ > 0, because of the symmetry to
the point (αbk, αns) = (−1, 0) in the αbk − αns diagram
(Figure 3), ions are extracted from the NSS for the case
αm > −1 as discussed in Section 4.1. Therefore, the
quasi-periodic behavior in Section 4.3.2 is possible for
both sign of ρGJ.
6. SUMMARY
In order to activate the OAR, the electric field along
the magnetic field just above the NSS should be screened
out. In this paper, we investigate the condition on the
electric field screening just above the NSS with back-
flowing particles. We have focused on the case so-called
anti-GJ condition, which would be established along the
magnetic fields that connect to the OAR. Without the
back-flows, the electric field cannot be screened out by
the particles extracted from the NSS alone.
First, we consider the case that particles accelerated in
the OAR with Lorentz factor γ ≫ 1 (the beam compo-
nent) are flowing back to the NSS [Figure 2 (a)]. The
current and charge densities of the beam component
and particles from the NSS contribute to the total ones.
Then, even in the anti-GJ case, there is some screened
solutions in a certain region for the combination of the
current densities αm and αbk,bm (Figure 3). We ana-
lytically introduce a parameter βreqns to characterize the
required flow speed of the particles extracted from the
NSS. The electric field is not screened in the conditions
so-called R-super-GJ and R-anti-GJ, which are defined
by βreqns .
However, we can expect that a quasi-thermal plasma
with a mildly relativistic temperature screens out the
electric field between the OAR and the outer boundary
of the polar cap region [Figure 2 (b)]. Some fraction of
such thermal components can also flow back to the NSS.
Using numerical simulations, we show that the thermal
component can adjust both the current and charge den-
sities to the required values. We obtain the minimum
number density of the thermal component to screen the
electric field in equations (22) and (24).
We also investigate the ion-extracted case from the
NSS. The difference of masses of electrons and ions causes
bunches of particles, which are formed quasi-periodically.
The period is linearly proportional to the length of the
calculation domain. This may be important process for
the coherent radio emission.
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